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ABSTRACT
Type II supernovae (SNe) interacting with disklike circumstellar matter (CSM) have
been suggested as an explanation of some unusual Type II SNe, e.g., the so-called
“impossible” SN, iPTF14hls. There are some radiation hydrodynamics simulations for
such SNe interacting with a CSM disk. However, such disk interaction models so far
have not included the effect of the ionization and recombination processes in the SN
ejecta, i.e., the fact that the photosphere of Type IIP SNe between ∼ 10-∼ 100 days is
regulated by the hydrogen recombination front. We calculate light curves for Type IIP
SNe interacting with a CSM disk viewed from the polar direction, and examine the
effects of the disk density and opening angle on their bolometric light curves. This work
embeds the shock interaction model of Moriya, et al. (2013) within the Type IIP SN
model of Kasen & Woosley (2009), for taking into account the effects of the ionization
and recombination in the SN ejecta. We demonstrate that such interacting SNe show
three phases with different photometric and spectroscopic properties, following the
change in the energy source: First few tens days after explosion (Phase 1), ∼ 10− ∼ 100
days (Phase 2) and days after that (Phase 3). From the calculations, we conclude that
such hidden CSM disk cannot account for overluminous Type IIP SNe. We find that
the luminosity ratio between Phase 1 and Phase 2 has information on the opening angle
of the CSM disk. We thus encourage early photometric and spectroscopic observations
of interacting SNe for investigating their CSM geometry.
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1 INTRODUCTION
The understanding of the final evolutionary stage of mas-
sive stars is one of the biggest problems in the theory of
stellar evolution. Evidence on the mass eruption at the final
evolutionary stage of massive stars has been steadily accu-
mulating over the years, while its origin has not been clar-
ified yet. Historically such mysterious mass loss has been
recognized by observations of Type IIn supernovae (SNe),
which are believed to shine mainly by an interaction between
the SN ejecta and circumstellar matter (CSM). Since CSM
in the vicinity of SNe should be created by mass loss just
before explosion, Type IIn SNe demonstrate the existence
of huge mass loss just before explosion (∼ 10−4− ∼ 1 M⊙
yr−1; e.g., Smith 2017 for a recent review; see also Filippenko
1997; Kiewe, et al. 2012; Taddia, et al. 2013). The estimated
amount and time-scale for their mass-loss from the light-
curve analysis are very diverse. In the case of SN 2006gy, the
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CSM is thought to originate from an eruption that ejected
∼ 20 M⊙ ∼ 8 years before the explosion (Smith, et al. 2010,
but see Jerkstrand, Maeda, & Kawabata (2020)), while the
CSM of SN 2010jl is thought to be created by a rela-
tively steady mass loss that lasts at least for several hun-
dreds years before the explosion with a mass-loss rate of
& 10−1 M⊙ yr−1 (Fransson, et al. 2014). There is a grow-
ing number of Type IIn SNe whose progenitors show pho-
tometric variability just before exploding as an SN (e.g.,
Fraser, et al. 2013; Mauerhan, et al. 2013; Pastorello, et al.
2013; Ofek, et al. 2014; Elias-Rosa, et al. 2016; Tho¨ne, et al.
2017; Kilpatrick, et al. 2018; Pastorello, et al. 2018, 2019).
This photometric variability is regarded as the direct ev-
idence of some eruptive mass loss from massive stars in
the very last stage of their lives. Recently, it has also
been claimed that massive stars generally experience huge
mass loss several years before explosion (∼ 10−4− ∼ 1 M⊙
yr−1), from early-phase observations of SN spectra (e.g.,
Khazov, et al. 2016; Yaron, et al. 2017; Boian & Groh 2020)
and light curves (e.g., Fo¨rster, et al. 2018).
© 2020 The Authors
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The mechanism of such huge mass loss is
still unclear, although some mechanisms have been
proposed such as outbursts caused by some stel-
lar instabilities (e.g., Humphreys & Davidson 1994;
Langer, Garc´ıa-Segura & Mac Low 1999; Yoon & Cantiello
2010; Arnett & Meakin 2011; Quataert & Shiode
2012; Shiode & Quataert 2014; Smith & Arnett 2014;
Woosley & Heger 2015; Quataert, et al. 2016; Fuller 2017),
or mass loss due to binary interaction (e.g., Chevalier 2012;
Soker & Kashi 2013).
It is important to investigate the spacial distri-
bution of CSM for interacting SNe, which is directly
related with the unknown mass-loss mechanism. In
fact, some aspherical CSM geometries have been
implied by polarimetric (e.g., Leonard, et al. 2000;
Wang, et al. 2001; Hoffman, et al. 2008; Patat, et al.
2011; Mauerhan, et al. 2014; Reilly, et al. 2017), spectro-
scopic (e.g., Fransson, et al. 2002; Levesque, et al. 2014;
Fransson, et al. 2014; Andrews, et al. 2017), ultraviolet
(e.g., Soumagnac, et al. 2019, 2020), and X-ray (e.g.,
Katsuda, et al. 2016) observations.
In this paper, we focus especially on photometric and
spectroscopic properties of interacting SNe as a probe of
their CSM geometries. Smith, et al. (2015) have speculated
the photometric and spectroscopic behavior of interacting
SNe with a disklike CSM in the context of observations of
PTF11iqb (see also Smith (2017) and references therein; e.g.,
Andrews & Smith 2018; Andrews, et al. 2019). If an SN has
a CSM disk in its vicinity, the majority of the SN ejecta in
the polar directions can expand freely as a normal SN. The
rest of the SN ejecta in the equatorial direction, however,
becomes decelerated by an interaction with the CSM disk.
As a result, the opaque SN ejecta in the polar direction
covers the CSM interaction region in the equatorial direc-
tion, and thus the CSM interaction works as an additional
heating source hidden behind the SN ejecta. Therefore, if
seen from the polar direction, it will look like a luminous
Type II SN, where its spectrum will be like those of normal
Type II SNe with P-Cygni lines. Since the photosphere re-
cedes inward, we finally see the interaction directly after a
while. After that, we will see it as an interacting SN with a
spectrum with narrow lines. Andrews & Smith (2018) have
suggested this scenario to explain the so-called “impossible”
SN, iPTF14hls, which shows a very long photospheric phase
with normal spectra resembling a traditional Type IIP ex-
plosion (Arcavi, et al. 2017). In this work we confront the
heuristic model of Smith, et al. (2015) by calculating light
curves of the SNe in their scenario.
There are some hydrodynamics simulations for SNe in-
teracting with a CSM disk (e.g., McDowell, Duffell & Kasen
2018; Kurfu¨rst & Krticˇka 2019; Suzuki, Moriya & Takiwaki
2019). However, they did not precisely investigate the ra-
diation properties such as the one qualitatively described
above, because, in their simulations, they did not take into
account the ionization and recombination, i.e., the fact that
the photosphere of Type IIP SNe between ∼ 10-∼ 100 days is
formed at a hydrogen recombination front with nearly-fixed
radius. In this work, we analytically calculate light curves
for SNe interacting with a CSM disk viewed from the polar
direction, and examine the effects of CSM geometry on their
light curves. We do not discuss their spectroscopic proper-
ties in detail, just assuming that their spectra begin to show
narrow lines originated from the interaction once the shock
emerges from the photosphere. This paper is structured as
follows: In Section 2, we describe our light curve model for
an interacting SN with a CSM disk. In Section 3, we provide
the expected light curves for SNe with various mass and dis-
tribution of CSM, and discuss the dependence of the light
curve shapes on the parameters. We conclude the paper in
Section 4.
2 LIGHT CURVE MODEL FOR AN
INTERACTING SN WITH A CSM DISK
In this section, we describe our light curve model for an in-
teracting SN with a CSM disk. Figure 1 shows a schematic
picture of our model. In the directions toward the disk (Re-
gion 1), the SN ejecta interact with the CSM disk, while the
SN ejecta expand freely in the polar directions (Region 2).
Here we assume, for simplicity, that the motion of the gas
fluid is limited in the radial direction, and also that the mo-
tion of the SN ejecta is not affected by radiation newly gener-
ated by the interaction. Hereafter in this paper, we fix the di-
rection of an observer as the z-axis direction. We also ignore
the effects of the disk geometry on the light curve, which can
be justified only when the opening angle of the disk is small.
In reality, as Suzuki, Moriya & Takiwaki (2019) pointed out,
the viewing angle effects and the geometrical effects are im-
portant for quantitatively discussing relations between the
light curve properties and the total mass/distribution of the
CSM. However, the viewing angle effects are beyond a scope
of this paper. As a future work, we would like to investigate
these points by conducting multi-dimensional radiation hy-
drodynamics simulations, taking into account the ionization
and recombination of hydrogen. Here, we demonstrate the
importance of early phase observations of interacting SNe
for investigating their CSM geometries with qualitative dis-
cussions using a simplified model.
In Region 2, the SN ejecta freely expand as a nor-
mal SN. We adopt a simple double power-law distribu-
tion for the density of the homologously expanding SN
ejecta, which is derived from hydrodynamics simulations
(e.g., Matzner & McKee 1999, see § 2.1.1). The SN ejecta
shine as a normal Type II SN through photon diffusion pro-
cesses of the thermal energy, while expanding freely into in-
terstellar space. We determine the SN optical properties in
Region 2 using the one-zone analytic model of homologously
expanding gas with radiative diffusion by Kasen & Woosley
(2009, see § 2.1.1). In Region 1, the SN ejecta interact with
the CSM disk, converting its kinetic energy into internal en-
ergy. We determine the properties of the interaction shock
in Region 1 by using a simple self-similar solution of an in-
teraction shock (§ 2.2). The amount of radiation from the
interaction shock is determined by a simple model assum-
ing the generated energy leaks out of the expanding shocked
shell through photon diffusion processes (§ 2.2). When the
shell is located inside the photosphere of the SN ejecta, the
radiation from the shock heats the SN ejecta from the in-
side of the ejecta. This additional heating of the SN ejecta
is taken into account by assuming the injected photons are
diffusing out through the expanding ejecta (§ 2.3).
MNRAS 000, 1–12 (2020)
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Figure 1. Schematic picture of our model for an SN interacting
with a CSM disk in Phase 1 and Phase 2. The observer is assumed
to be always in the z-axis direction. The thick black line in Region
1 is the location of the interacting shock. Inside and outside the
shock, there are the unshocked ejecta and the unshocked CSM,
respectively. The thick black line in Region 2 is the location of
the photosphere, which divides the SN ejecta into the optically
thick (dark grey) and thin (light grey) regions.
2.1 SN and CSM properties
2.1.1 SN properties
We consider an explosion of a red supergiant, which leads
to a normal Type IIP SN if there is no CSM. The values of
the SN optical properties (luminosity: Lsn, light curve dura-
tion: tsn, and photosphere radius: Rph) are determined from
values of the basic SN ejecta properties (explosion energy:
Esn, ejecta mass: Mej, pre-SN radius: Rp, and
56Ni mass: MNi)
based on the one-zone model of homologously expanding gas
with radiative diffusion by Kasen & Woosley (2009).
Once the inner part of the progenitor star collapses into
a proto-neutron star, a shock wave is created by the core-
bounce of the falling material. The shock wave heated by
neutrinos from the proto-neutron star proceeds to the sur-
face of the star while heating the ejecta. When it reaches
to the surface, the released energy by the shock wave (Esn)
is equally divided into internal energy (Eint) and kinetic en-
ergy of the ejecta (Ekin): Esn ∼ Eint ∼ Ekin ∼ 1051 erg. Since
a large part of the ejecta is optically thick to electron scat-
terings, the adiabatic condition can be roughly assumed for
the thermal evolution of the ejecta. Thus, we obtain, from
the first law of thermodynamics, the internal energy of the
expanding ejecta at given time, t, taking into account the
contribution from radioactive energy input of 56Ni and 56Co
(see Eq. 9 in Kasen & Woosley (2009)):
Eint(t) = Esn
(
R(t)
Rp
)−1
+ ENi
tNi
t
+ ECo
tCo
t
, (1)
= Esn
te
t
+ ENi
tNi
t
+ ECo
tCo
t
, (2)
= Esn
( te
t
)
frad, (3)
where
frad = 1 +
vsn
EsnRp
(ENitNi + ECotCo). (4)
Here, R(t) is the radius of the expanding gas sphere at time
of t. Since the ejecta expand roughly homologously, R(t) =
vsnt. The explosion time te is set as te = Rp/vsn. ENi ≃ 0.6 ×
1050(MNi/M⊙) erg and ECo ≃ 1.2× 1050(MNi/M⊙) erg are the
total energy by 56Ni and 56Co decay, and tNi ≃ 8.8 days and
tCo ≃ 113 days are the decay time.
The velocity of the ejecta is assumed to be (see Eq. 1
in Kasen & Woosley (2009)):
vsn =
(
2Esn
Mej
)1/2
. (5)
The typical luminosity of the SN (Lsn) is assumed as
follows (see Eq. 2 in Kasen & Woosley (2009)):
Lsn =
Eint(tsn)
tsn
=
Esnte frad
t2sn
=
Esn fradRp
t2snvsn
. (6)
Here, the timescale of the light curve, tsn, is assumed to
be the effective diffusion time. Using the mean-free path of
photons, λp = (κesρ)−1, and the optical depth of the ejecta,
τ = Rph/λp, the typical SN duration is expressed as follows
(see Eq. 3 in Kasen & Woosley (2009)):
tsn =
τRph
c
=
R2
ph
κesρ
c
, (7)
where Rph is a typical radius of the photosphere in the SN
ejecta, ρ (≃ Mej/v3snt3sn) is the typical density of the ejecta,
κes is the mass scattering coefficient for the ionized gas.
Throughout the paper, we use, for the ionized SN and CSM
gas, the value of κes = 0.34 cm
2 g−1 as opacity in the fully
ionized gas composed of hydrogen and helium. The radius
of the photosphere is determined mainly by the ionization
condition of hydrogen in the ejecta. Thus, the photosphere
radius is determined so that the SN luminosity corresponds
to the luminosity of a blackbody sphere with a radius Rph
as follows (see Eq. 7 in Kasen & Woosley (2009)):
Rph =
(
Lsn
4πσSBT
4
I
)1/2
, (8)
where, σSB is the Stefan-Boltzmann constant and TI is
the ionization temperature of hydrogen in the SN ejecta.
Throughout this paper, we adopt the value, TI = 6000 K
(e.g., Kasen & Woosley 2009). Using this expression of Rph,
Eq. (7) is transformed as
tsn =
(
Lsn
4πσSBT
4
I
)
κes
c
Mej
v
3
snt
3
sn
. (9)
Now we have three equations for three values tsn, Lsn
and Rph: Eq. (6),(8) and (9), and an equation for vsn: Eq. (5).
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Therefore, we can derive the following expressions on these
values.
tsn =
(
κes
16πcσSBT
4
I
)1/6
E
−1/6
sn M
1/2
ej
R
1/6
p f
1/6
rad
, (10)
Lsn =
1√
2
(
16πcσSBT
4
I
κes
)1/3
E
5/6
sn M
−1/2
ej
R
2/3
p f
2/3
rad
, (11)
Rph =
(
c
8
√
2π2σ2
SB
κesT
8
I
)1/6
E
5/12
sn M
−1/4
ej
R
1/3
p f
1/3
rad
.(12)
Through this paper, we adopt the following values: Esn =
1×1051 erg, Mej = 10 M⊙ and Rp = 500 R⊙ , which are typical
values for Type IIP SNe (e.g., Hamuy 2003; Smartt, et al.
2009). We also use MNi = 0.032 M⊙ , which is the typical
56Ni mass derived by Anderson (2019) for Type II SNe. The
calculated values for the SN optical properties are as follows:
tsn ≃ 118.33 days, Lsn ≃ 1.42 × 1042 erg s−1, Rph ≃ 1.24 × 1015
cm.
It is also noted that the above one-zone SN model can-
not be applied to the very early phase when the ejecta have
not reached to the radius of Rph determined within this for-
malism. To evaluate the duration of this forbidden phase, we
consider the timing when the real photosphere in the ejecta
reaches to Rph, which can be calculated as 23.3 days after ex-
plosion. Hereafter in this paper, we do not discuss this very
early phase. Here, we use the following density profile of the
SN ejecta beyond the above one-zone model and assume the
real photosphere in the ejecta as a radius where the optical
depth to an observer becomes unity. The density profile is
assumed to follow the double power-law distribution (e.g.,
Moriya, et al. 2013), which is derived from hydrodynamics
simulations (e.g., Matzner & McKee 1999):
ρ˜ej(vej, t) =

1
4pi(n−δ)
[2(5−δ)(n−5)Eej ]
n−3
2
[(3−δ)(n−3)Mej ]
n−5
2
t−3v−n
ej
(vej > vt )
1
4pi(n−δ)
[2(5−δ)(n−5)Eej ]
δ−3
2
[(3−δ)(n−3)Mej ]
δ−5
2
t−3v−δ
ej
(vej < vt )
, (13)
where vej(r, t) (= r/t) is the SN ejecta velocity at radius, r,
and time, t, and
vt =
[
2(5 − δ)(n − 5)Eej
(3 − δ)(n − 3)Mej
] 1
2
. (14)
Hereafter, ρej(r, t) is given by ρ˜ej(vej, t) but with the indepen-
dent variable vej replaced by r. We assume that n = 12 and
δ = 1, which are typical values for a red supergiant progen-
itor (e.g., Matzner & McKee 1999). For n = 12 and δ = 1,
vt = 3.95 × 103(Eej/1 × 1051 erg)0.5(Mej/10M⊙ )−0.5 km s−1. In
fact, the above expression of the density profile can apply to
the SN ejecta only after reaching to homologous expansion.
However, we do not investigate the deviation from the ho-
mologous expansion as well as the other values of n and δ in
this paper.
When we consider the CSM interaction (§ 2.2), we use
the above density profile of the SN ejecta (Eq. (13)) beyond
the above one-zone model.
2.1.2 CSM properties
As an initial distribution of the CSM, we adopt the disk
structure that has a small value of half-opening angle, θ0 (see
Fig. 1). We use θ0 = arcsin 0.1 ∼ 5.7◦ as a reference value, and
also investigate the values of 5, 15, 25, 35 and 45◦ for reveal-
ing the effects of θ0 on the light curves. We assume the ra-
dial distribution of the CSM as ρcsm(r) = ( ÛMcsm/4πvcsm)r−2 =
Dr−2 for simplicity, which is expected for the steady mass
loss from a progenitor system with constant mass-loss rate
of ÛMcsm and wind velocity of vcsm. The velocity of the CSM
is set as vcsm = 100 km s
−1. We investigate the values of 10−4
to 10−1 M⊙ yr−1 for ÛMcsm. The inner radius of the disk is
assumed to be Rp. In the outer region, the CSM is assumed
to be distributed infinitely.
2.2 CSM interaction
We determine the luminosity from the interaction shock be-
tween the ejecta and the CSM disk (Ldisk) using a simple
analytical model. This is a modified version of the model
by Moriya, et al. (2013) including the optical depth effects
within the shocked shell on the luminosity. The evolution of
the shocked shell in the interaction can be evaluated by the
conservation of momentum, assuming the thickness of the
shocked shell is much smaller than its radius (see Eq. 1 and
2 in Moriya, et al. (2013)).
Msh(t)
dvsh(t)
dt
= 4πr2
sh
(t)
[
ρej(rsh(t), t)
(
vej(rsh(t), t) − vsh(t)
)2
−ρcsm(rsh(t)) (vsh(t) − vcsm)2
]
, (15)
where Msh(t) is the total mass of the shocked SN ejecta and
CSM at given time, t, and vsh(t) is the velocity of the shocked
shell at given time, t. Here Msh(t) is expressed as follows (see
Eq. 4 in Moriya, et al. (2013)):
Msh(t) =
∫ rsh(t)
Rp
4πr2ρcsm(r)dr +
∫ rej,max(t)
rsh(t)
4πr2ρej(r, t)dr (16)
where rej,max(t) = vej,maxt, and vej,max is the original velocity
of the outermost layer of the SN ejecta before the interaction.
Here, we assume rsh(t) >> Rp and rej,max(t) >> rsh(t) at all
times.
From Eq. (15), we can analytically derive the time-
evolution of the shocked shell and the velocity of the shock
as follows, until the time tt , when the shock reaches to the
inner part of the SN ejecta, i.e., rsh(tt ) = vt tt (see Eq. 17 and
38 in Moriya, et al. (2013)):
rsh(t) =

28 · 74.5
39 · 11
E4.5
ej
M3.5
ej
vcsm
ÛMcsm

0.1
t0.9, (17)
and
vsh(t) =
32
2 · 5

28 · 74.5
39 · 11
E4.5
ej
M3.5
ej
vcsm
ÛMcsm

0.1
t−0.1 . (18)
Here,
tt =
3
22 · 70.5 · 11
M1.5
ej
E0.5
ej
vcsm
ÛMcsm
≃ 4.2 × 103
(
Mej
10M⊙
)1.5
(
Eej
1 × 1051erg
)−0.5 (
vcsm
107cm s−1
) ( ÛMcsm
10−3M⊙ yr−1
)−1
days. (19)
For the values of rsh(t) and vsh(t) after tt , we numerically solve
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the equation of motion with the same initial conditions so
that the solutions are continuous to the above analytical
values.
First, we consider light curves for interacting SNe with
spherical symmetric CSM. In the optical thin limit, a frac-
tion of the generated energy (dEkin(t)/dt) can escape freely
from the shocked shell as radiation as follows (see Eq. 20
and 21 in Moriya, et al. (2013)):
L(t) = ǫ dEkin(t)
dt
= 2πǫ ρcsm(rsh(t))r2sh(t)v3sh(t), (20)
where ǫ is the conversion efficiency from kinetic energy to
radiation, and
dEkin(t) = 4πr2sh(t)
(
1
2
ρcsm(rsh(t))v2sh(t)
)
dr. (21)
Throughout this paper, we assume ǫ = 0.1 (Moriya, et al.
2013).
Especially when the optical depth in the shocked shell
is more than unity, the optical-depth effects become impor-
tant. Since the generated photons stay in the shocked shell
for diffusion time, their energy becomes reduced due to ex-
pansion loss and their emergence becomes delayed. After the
escape from the shock, the photons stay also in the CSM for
a while. Thus, their arrival to the observer becomes more
delayed, but their energy does not become reduced in this
diffusion processes within the CSM. This is because the pho-
tons have already been decoupled from the shocked gas, i.e.,
they are already after the shock breakout, where the diffu-
sion time is smaller than the dynamical time of the shock.
Here, we do not take into account the effect of the delayed
arrival by the diffusion processes within the CSM, because
the effect is small compared with that in the shock in our
situation. We only take into account the optical depth effects
in the shocked shell, using a simple model. We calculate a
light curve from the interaction as a superposition of gas
shells with photons that are generated at each time (see Ap-
pendix 1 for radiation from each gas shell). The generated
photons from time t − dt/2 to t + dt/2 experience diffusion
processes with τdiff (t) as follows:
τdiff (t) = κes
Msh(t)
4πr2
sh
(t)∆Rsh(t)
∆Rsh(t) =
κesMsh(t)
4πr2
sh
(t)
, (22)
where ∆Rsh(t) is the width of the shocked shell at given time,
t.
Thus, the light curve from the interaction with spher-
ical CSM is assumed to be expressed as follows (see Ap-
pendix A):
Lsphere(t) =
∫ t
0
Lsh(t
′)dt′
tdiff(t′)
exp
(
− t − t
′
tdiff(t′)
(
1 +
t − t′
2tdyn(t′)
))
, (23)
where
tdyn(t) =
rsh(t)
vsh(t)
, (24)
tdiff(t) =
τdiff (t)rsh(t)
c
. (25)
In the case of the interaction with the disk CSM, the
CSM is confined into the small region (see Fig. 1), where
the mass-loss rate for the disk ( ÛMdisk) is defined under the
assumption that there is no mass loss except for the CSM
disk. Thus, the density scale (D in ρcsm(r) = Dr−2) of the
CSM disk corresponds to that of the spherical CSM with
ÛMcsm = ÛMdisk/ωdisk. Therefore, the bolometric light curves
from interacting SNe with the CSM disk are calculated as
follows:
Ldisk(t, ÛMdisk) = ωdiskLsphere
(
t,
ÛMdisk
ωdisk
)
, (26)
where,
ωdisk =
Ωdisk
4π
= sin θ0 . (27)
Here, Ωdisk is the solid angle of the CSM disk covering the
SN light. It is noted that the isotropic mass-loss rate Û˜Mcsm =
ÛMdisk/ωdisk is a good indicator to understand the evolution
of the interaction shock.
For the luminosity of the interacting SN with the CSM
disk (Ldisk), we discuss the dependence of their light curves
on the free parameters of the CSM disk ( ÛMdisk and θ0). These
paramters are connected to the properties of the CSM disk
that change the light curve shape from the interaction with
the CSM disk: the total mass and density of CSM. The den-
sity of the CSM disk determines the evolution of the inter-
action shock (see Eq. (17)), which is related with the lu-
minosity and the above optical-depth effects. On the other
hand, the total mass of the CSM disk is important to the
luminosity.
Figure 2a shows the input light curves from the inter-
action with the CSM disk with θ0 = arcsin 0.1 ∼ 5.7◦ for var-
ious values of the mass-loss rate, ÛMdisk (Ldisk; Eq. (26)). The
CSM disks with higher ÛMdisk have higher density and larger
total mass of the CSM disk. For higher density of CSM, the
generated photons stay longer in the shock through photon
diffusion processes, and thus a larger fraction of the gen-
erated energy by the interaction is lost due to expansion
cooling during the trapping. Especially in the early phase,
the light curves differ from those in the optically-thin limit
due to the high density. Interestingly SNe with higher ÛMdisk
show unusually slow rises in luminosity, while SNe with lower
ÛMdisk show rapid rises (e.g., Moriya, et al. 2018). This opti-
cal depth effect is important for deriving CSM mass in Type
IIn SNe. As a rough indication, we define the duration of
the optical-depth effect, tbreak, as the time when tdiff become
smaller than tdyn. This is the same condition for the breakout
of the SN shock, which is τdiff < c/vsh. In the cases in Fig. 2,
i.e., the CSM disk with θ0 = arcsin 0.1 ∼ 5.7◦, the values of
tbreak are 101.60, 29.71, 2.97 and 0.30 days for ÛMdisk = 10−1,
10−2, 10−3 and 10−4 M⊙ yr−1, respectively. As is seen in
Fig. 2a, the timing of tbreak roughly corresponds to the peak
of the light curves for each case.
Figure 2b shows the light curves from the interaction
with the CSM disk with given Û˜Mcsm = ÛMdisk/ωfdisk but
for various values of the opening angle of the disk (Ldisk;
Eq. (26)). This is a comparison between the CSM disks that
have the same radial density distribution but different to-
tal mass of CSM, i.e., the systems for larger θ0 have larger
total mass of CSM. The deviations from the optically-thin
limits come from the optical depth effect discussed above.
Since the evolution of the interaction shock is the same for
all the cases, the light curves have the same optical-depth
effects. On the other hand, since the total mass of CSM is
different, the light curves for lager θ0 have larger luminosity
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Figure 2. Light curves from the interaction (a) with the CSM disk with θ0 = arcsin 0.1 ∼ 5.7◦ for various values of the mass-loss rate,
ÛMdisk (Ldisk; solid lines), compared with those in the optical-thin limit (dashed lines); (b) Same as (a), but for the CSM disk with
constant Û˜Mcsm = ÛMdisk/ωdisk = 10−2 M⊙ yr−1 for various values of the opening angles; (c) Same as (a), but for the CSM disk with constant
ÛMdisk = 10−3 M⊙ yr−1 for various values of the opening angles.
z
x
+ +
…
L(t’)dt L(t’+dt)dt
Figure 3. Schematic picture of the procedure for calculating light
curves of interacting SNe with the CSM disk.
in proportion to the CSM mass. Therefore, the light curves
become identical if they are corrected for the CSM mass.
Figure 2c shows the light curves from the interaction
with the CSM disk with given ÛMdisk but for various values
of the opening angle of the disk (Ldisk; Eq. (26)). This is a
comparison between the CSM disks that have the same total
mass of CSM but different radial density distribution, i.e.,
the systems for larger θ0 have lower density. Even though
the light curves for different opening angles originate from
the interaction with the same total mass of CSM, they show
large difference not only in the early phase but also in the
later phase. If the CSM is confined to smaller area, i.e., if
θ0 is smaller, the optical depth of the interaction shock be-
comes higher. Therefore, the light curves for smaller θ0 show
larger deviations from those in the optically-thin limit. The
differences in the late phase, when the shock is already op-
tically thin, are due to the difference of available kinetic
energy of the SN ejecta. The available energy is limited by
the ejecta kinetic energy within θ0, and thus the shock ve-
locity become slower more rapidly for smaller θ0. Therefore,
we obtain lower luminosity for smaller θ0 with the fixed total
mass of CSM (i.e., the same value of ÛMdisk).
2.3 Light curve model for the interacting SNe
with the disk CSM
When the interaction shock is below the photosphere in the
ejecta (Phase 1), the hidden energy input from the inter-
action heats the SN ejecta. We consider a situation where
the radiation energy injected from Region 1 into Region 2 is
diffusing out through the expanding ejecta. We assume that
the energy created by the interaction from time t
′ − dt/2 to
t
′
+ dt/2 (Ldisk(t
′)dt) is injected into a shell in the ejecta at
the radius of the interaction (rsh(t
′); see Fig. 3), and that
the injected photons are diffusing out while being affected
by the expansion cooling. The ejecta shell have the following
diffusion time and dynamical time:
tdiff,ej(t
′) = τej(rsh(t
′), t′)rsh(t
′)
c
, (28)
tdyn,ej(t
′) = rsh(t
′)
vej(rsh(t′), t′)
= t
′
, (29)
where
τej(r, t) =
∫ R˜ph(t)
r
κesρej(r
′
, t)dr′ . (30)
Until the interaction region is exposed to an observer, the
additional heating from the hidden interaction contributes
to the SN light in addition to the original thermal energy
(Lsn). Therefore, the light curve from the system can be
described as follows (see Appendix A):
Ltot(t) = Lsn(t)+
∫ t
0
Ldisk(t
′)dt′
tdiff,ej(t′)
exp
(
− t − t
′
tdiff,ej(t′)
(
1 +
t − t′
2tdyn,ej(t′)
))
,
(31)
where the luminosity from the original SN thermal energy
is given as Lsn until t = tsn, and then as zero (see §2.1.1).
Finally, the photosphere radius in the ejecta is calculated as
follows:
R˜ph(t) =
(
Ltot(t)
4πσSBT
4
I
)1/2
. (32)
For calculating Ltot(t) (i.e., τej in Eq. (30)), we need to
know the value of R˜ph(t
′) for each time of t′ ≦ t. At the
same time, we need the value of Ltot(t) to calculate R˜ph(t).
Therefore, we perform interative processes for obtaining the
values for Ltot(t) and R˜ph(t). First we calculate Ltot(t
′
+ dt)
assuming R˜ph(t
′
+ dt) = R˜ph(t
′), when the values of R˜ph(t) are
known for t ≦ t
′
. Then the value of R˜ph(t
′
+ dt) is modified
from Eq. (32) using the obtained value of Ltot(t′+dt). Through
these iterative processes, we obtain the final values for Ltot(t)
and R˜ph(t).
Once the shock radius (rsh(t)) exceeds this radius of
R˜ph(t) (Phase 2), the situation is changed. This timing of
the dramatic change is assigned as thidden here: rsh(thidden) =
R˜ph(thidden). After this timing, radiation from the system is a
sum of the original SN light, the remnant photons that were
MNRAS 000, 1–12 (2020)
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Figure 4. (a) Luminosity from the interacting SN with the CSM
disk (Ltot), where ÛMdisk = 10−2 M⊙ yr−1 and θ0 = arcsin(0.1) ∼ 5.7◦.
The dashed lines show Lsn(t)+Ldisk(t), Lsn(t) and Ldisk(t). (b) Time-
evolution of the photosphere radius for the same system as Fig.
(a). The dashed line shows the radius of Rph. The dashed-dotted
lines show the timing of thidden and tsn, which are 19.1 and 93.0
days in this case, respectively. The early phase when the present
model does not apply is shown by the shaded region.
injected by the interaction shock and are still in the ejecta,
and the direct light from the interaction (Phase 2):
Ltot(t) = Lsn(t)
+
∫ thidden
0
Ldisk(t
′)dt′
tdiff,ej(t′)
exp
(
− t − t
′
tdiff,ej(t′)
(
1 +
t − t′
2tdyn,ej(t′)
))
+ Ldisk(t). (33)
During Phase 2, the photosphere radius in the ejecta is cal-
culated using the luminosity from the SN ejecta (the first
and second terms of Eq. (33)) using Eq. (32).
3 RESULTS AND DISCUSSIONS
Figure 4a shows a light curve from an interacting SN with
the CSM disk with ÛMdisk = 10−2 M⊙ yr−1 and θ0 =
arcsin(0.1) ∼ 5.7◦. The light curve shape is dramatically
changed at a certain time, which corresponds to the time,
thidden, when the interaction shock in the disk reaches to the
radius of the photosphere in the SN ejecta. Before this tim-
ing (Phase 1), the energy generated in the interaction shock
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Figure 5. (a) Light curves from the systems with various values
of the mass-loss rate of the CSM disk ( ÛMdisk in the unit of M⊙
yr−1), where θ0 = arcsin 0.1 ∼ 5.7◦. The dashed and solid lines ex-
press the terms when the system has a spectrum originated from
the SN ejecta and from both the SN ejecta and the interaction,
respectively. The black dashed line expresses the original SN lu-
minosity (Lsn). (b) Time evolution of the optical depth from rsh
to R˜ph in the SN ejecta (τej(rsh(t), t); Eq. (30)) for various values
of mass-loss rate (in the unit of M⊙ yr−1). The early phase when
the present model does not apply is shown by the shaded region.
is injected into the ejecta and reaches to the observer af-
ter experiencing the expansion cooling within the ejecta. As
is shown in Fig. 4, the luminosity and photosphere radius
of the SN in this phase are slightly enhanced due to the
hidden energy input, compared to those of the original in-
put SN component. After thidden (Phase 2), the luminosity
of the SN becomes a combination of the original SN light,
the light from the exposed disk interaction, and the delayed
photons generated by the interaction before thidden due to
diffusion processes within the ejecta. Thus, a rapid rise in
luminosity is observed at this transitional time. At this tim-
ing, the spectrum of the SN can be also changed from a
spectrum originated from the ejecta (a normal SN spectrum
with P-Cygni lines) to that from the shock (an interacting
SN spectrum with narrow lines), although it depends on the
strength of the interaction shock. Once the thermal energy
in the SN ejecta is all lost at t = tsn (Phase 3), the luminosity
from the system becomes decreased into the level of only the
luminosity by the CSM interaction.
For the interacting SNe with the CSM disk, we discuss
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the dependence of their light curves on the free parameters
of the CSM disk ( ÛMdisk and θ0). These correspond to two
physical parameters of the CSM disk that change the light
curve shape from the SN interaction with the CSM disk:
the total mass and density of CSM, as we discussed in § 2.2
and Fig. 2. The total mass plays a role in determining the
luminosity, which also affects the enhancement of the pho-
tosphere. On the other hand, the radial density distribution
plays a role in determining the evolution of the interaction
shock (see Eq. (17)), which is related with the luminosity
and the optical-depth effects.
Figure 5a shows light curves for the interacting SNe
with the CSM disk with given θ0 but for various values ofÛMdisk. The CSM disk with higher ÛMdisk has higher density
and larger total mass of CSM. Thus, the input luminosity
from the CSM disk is basically higher for the system with
higher ÛMdisk, as discussed in Fig. 2a. The transitional timing,
thidden, is more delayed for the systems with higher CSM
density, mainly because the interaction region is deeper for
the systems with higher CSM density as shown in Eq. (17)
and partly because the enhancement of the photosphere due
to the input light from the disk interaction is higher. In
addition, the energy lost by the expansion cooling within the
ejecta is also higher for the systems with higher CSM density.
As shown in Fig. 5b, the optical depth from rsh(t) to R˜ph
(τej(rsh(t), t); Eq. (30)) is higher for the systems with higher
CSM density, because their interaction region is deeper. The
optical depth for any cases in Fig. 5b keeps high just before
the timing of the shock appearance (i.e., thidden), which tells
that the expansion cooling is efficient almost all the time
when the shock is inside the ejecta. This is because of the
steep density structure of the SN ejecta (see Eq. (13)). The
luminosity of the SN, soon after thidden, becomes the sum of
the original SN light and the light from the exposed disk
interaction. Thus, the system with higher ÛMdisk is basically
brighter as is shown in Fig. 2a.
Figure 6 shows light curves for the interacting SNe with
the CSM disk with given Û˜Mcsm = ÛMdisk/ωdisk but for various
values of θ0. The CSM disk for the system with larger θ0 has
larger total mass of CSM, while all the disks has constant
CSM density. Thus, the input luminosity from the CSM disk
is higher for the system with larger θ0 as discussed in § 2.2
and Fig. 2b. Since the CSM density is the same value for
all the cases, the evolution of the shock is identical. In the
case of Û˜Mcsm = ÛMdisk/ωdisk = 10−3 M⊙ yr−1 (Fig. 6a), the
transitional timing, thidden, is identical for all the cases, be-
cause the enhancement of the photosphere due to the hidden
energy input is not efficient. On the other hand, thidden for
larger θ0, in the case of Û˜Mcsm = ÛMdisk/ωdisk = 10−1 M⊙ yr−1
(Fig. 6b), is more delayed due to the enhancement of the
photosphere.
Figure 7 shows light curves for the interacting SNe with
the CSM disk with given ÛMdisk but for various values of
θ0. The CSM disk for the system with larger θ0 has higher
density of CSM, while all the disks has constant total mass
of CSM. Thus, the input luminosity from the CSM disk is
higher for the system with larger θ0 as discussed in § 2.2
and Fig. 2c. The transitional timing, thidden, is more delayed
for the systems with smaller θ0, if we can ignore the effects
of the enhancement of the photosphere due to the hidden
energy input, which is the case of Fig. 7a. This is because
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Figure 6. Light curves from the systems with various val-
ues of the opening angles of the CSM disk. Here, (a) Û˜Mcsm =
ÛMdisk/ωdisk = 10−3 M⊙ yr−1 and (b) Û˜Mcsm = ÛMdisk/ωdisk = 10−1 M⊙
yr−1. The dashed and solid lines express the terms when the sys-
tem has a spectrum originated from the SN ejecta and from both
the SN ejecta and the interaction, respectively. The black dashed
line expresses the original SN luminosity (Lsn). The early phase
when the present model does not apply is shown by the shaded
region.
the interaction region is deeper for the systems with larger
CSM density as shown in Eq. (17). In Fig. 7b, thidden is not
always higher for smaller θ0, because the photosphere radius
is more enhanced for larger θ0 due to larger hidden energy
input. In addition, the energy lost by the expansion cooling
within the ejecta is also higher for the systems with larger
CSM density, i.e., smaller θ0.
Figure 8 shows light curves for the systems with various
values of mass-loss rate ( ÛMdisk) and opening angles (θ0) for
the CSM disk. As we have discussed above, θ0, which is re-
lated to the density of the CSM disk, determines the degree
of the expansion cooling of the hidden energy input in the
early phase for given ÛMdisk. In addition, the luminosity after
thidden depends on the luminosity of the disk interaction, i.e.,ÛMdisk. Therefore, the ratio of the luminosity before and after
thidden can be useful to investigate the opening angle of the
disk. It should be noted that we need to conduct more de-
tailed calculations to quantitatively derive the geometry of
the CSM disk because we use several critical simplifications
in the calculation. One of them is the viewing angle of an ob-
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Figure 7. Same as Fig. 6, but for the disk with (a) ÛMdisk = 10−3
and (b) ÛMdisk = 10−1 M⊙ yr−1.
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Figure 8. Light curves from the interaction for the systems with
various values of mass-loss rate ( ÛMdisk) and opening angle of the
CSM disk (θ0). The red, magenta, brown and blue lines corre-
sponds to the cases with 10−1, 10−2, 10−3 and 10−4 M⊙ yr−1, re-
spectively. The cases with the opening angle of θ0 = 5, 15, 25,
35 and 45◦ are shown (solid lines). The black dashed line ex-
presses the original SN luminosity (Lsn). The early phase when
the present model does not apply is shown by the shaded region.
server, which is fixed exactly to the polar direction. Here, we
just demonstrate the importance of early phase observations
of the interacting SNe for investigating their CSM geome-
tries with qualitative discussions using a simplified model.
In the context of interacting SNe with aspherical CSM,
some researches have proposed the origin of SNe that
show high luminosity with normal spectra of SNe II as
the energy input from the hidden CSM interaction (e.g.,
Smith 2017; Andrews & Smith 2018; Andrews, et al. 2019).
In other words, they have proposed the existence of SNe
with large thidden in our SN model. Contrary to the earlier
explanation, we do not obtain high luminosity by the hid-
den energy input as we have discussed above. If we have very
dense CSM in the vicinity of the SN, the loss of the energy
from the shock within the ejecta becomes efficient because
the energy is injected in the very inside of the expanding
ejecta. We have also demonstrated the difficulty of creating
long thidden. If there would be no effects on the enhancement
of the photosphere radius from the hidden energy input, we
can calculate thidden by comparing rsh (Eq. (17)) with Rph
(Eq. (12)) derived above by the analytical calculations. The
calculated values are shown in Table 1. In reality, the hid-
den energy input slightly extends the photosphere radius in
the SN ejecta. The values of thidden from our model, includ-
ing this effect, are also shown in Table 1. Here, in the cases
with ÛMdisk . 2.0 × 10−4 M⊙ yr−1, where thidden < 23.3 days
(the early phase when the present model does not apply),
the real values of thidden should be smaller than those in
Table 1. This is because the real photosphere is below Rph
during this forbidden phase (see the discussions in 2.1.1).
If we increase the CSM density further, thidden will be in-
creased but, at the same time, tbreak will also be increased
(see the above discussion on Fig. 2a in §2.2). Eventually,
tbreak becomes bigger than thidden at certain CSM density.
Above this maximum CSM density, the photons in the shock
can escape from the shock after the shock radius exceeds
the photosphere radius in the SN ejecta, which will be ob-
served as a normal Type IIn SN. This gives us the maximum
value for thidden as thidden = 37.7 days in the case of the CSM
disk with θ0 = arcsin(0.1) ∼ 5.7◦, which is achieved whenÛMdisk = 1.3 × 10−2 M⊙ yr−1.
In addition, the value of thidden becomes shorter if we
consider the cases with larger θ0 or the viewing angle effects.
In short, it is difficult to create such bright Type II SNe
with this scenario (a normal SN plus aspherical CSM). As
we have discussed above, such systems can explain rather
normal Type IIP SNe with a bump in their LC.
It is important to observationally detect the system at
these early (before thidden) and late (after tsn) phases for
confirming the existence of interacting SNe with a CSM
disk. Especially the sudden luminosity rise with the spec-
tral changing is an important hint for the CSM geometry.
It is also important to observe the late phase of the sys-
tem. This enables us to detect both of the pure 56Co de-
cay component and the CSM interaction component. In the
tail phase, the luminosity is powered by the CSM interac-
tion and the radio active decay of 56Co. In the case with
θ0 = arcsin(0.1) ∼ 5.7◦, the contribution by the 0.032 M⊙ of
56Co is dominant until 568.8, 375.6, 199.1 and 135.4 days
after explosion for ÛMdisk = 10−4, 10−3, 10−2 and 10−1 M⊙
yr−1, respectively. Here, we use the method to evaluate the
luminosity from 56Co (Hamuy 2003). Then, the contribution
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Table 1. Values of thidden (days) for the CSM disk with θ0 = arcsin(0.1) ∼ 5.7◦ and various values of ÛMdisk.
ÛMdisk 1.0e-1.0 1.0e-2.0 1.0e-3.0 1.0e-4.0
w/o the effects 50.7 35.8 27.7 21.5
w/ the effects 52.8 36.6 28.3 21.5
from the CSM interaction becomes dominant. Therefore, we
can get information on the Ni mass and the CSM interaction
from observations in the early part and later part of the tail
phases, respectively. As a future work, we will statistically
investigate these early and late phase of Type IIn SNe using
archival data in the literature.
4 CONCLUSIONS
We have calculated light curves for a Type IIP SN inter-
acting with a CSM disk when viewed from the polar direc-
tion, which have been suggested as an explanation of some
unusual Type II SNe, e.g., the so-called “impossible” SN,
iPTF14hls. We have adopted the following values for the
input SN: Esn = 1 × 1051 erg, Mej = 10 M⊙ , Rp = 500 R⊙
and MNi = 0.032 M⊙ . We have used the modified version
of the shock interaction model of Moriya, et al. (2013) em-
bedded within the Type IIP SN model of Kasen & Woosley
(2009). This model has taken into account the effects of
the ionization and recombination in the SN ejecta so that
we could investigate the radiative processes in the systems
described, e.g., in Smith, et al. (2015). It should be noted
that our calculations cannot predict quantitative numbers
because we have not considered the viewing angle effects
and the geometrical effects of the CSM disk and because
we also adopt several simplifications in the model. For ex-
ample, we have assumed that we do not see narrow lines in
the spectrum until the interaction exceeds the photosphere
and that the SN ejecta is homologously expanding, which
slightly change our derived values. For quantitative discus-
sions, we need to conduct more detailed calculations than
our calculations, i.e., multi-dimensional radiation hydrody-
namics simulations, taking into account the ionization and
recombination of hydrogen.
We have demonstrated that they show three phases with
different photometric and spectroscopic properties, following
the change of the main energy source. (Phase 1): For first
few tens days, the main energy source is the thermal en-
ergy of the SN ejecta deposited by the core-bounced shock
and the synthesized radioactive elements. The energy cre-
ated by the CSM interaction is injected deep into the SN
ejecta, most of which is lost by the expansion cooling within
the SN ejecta. In this term, the system shows similar pho-
tospheric and spectroscopic properties with those of normal
Type II SNe with P-Cygni lines. (Phase 2): Once the CSM
interaction overtakes the photosphere in the SN ejecta, the
interacting region gets exposed to an observer. Then, the
radiation from the system becomes a mixture of the radia-
tion from the SN ejecta and the CSM interaction, showing
high luminosity and some interaction features in the spec-
trum such as narrow lines. (Phase 3): Finally, the system
becomes, ∼ 100 days after explosion, powered by the CSM
interaction and the radioactive decay because of the exhaus-
tion of the initial thermal energy in the SN ejecta.
From the calculations, we have concluded that a bright
Type II SN heated by a hidden CSM interaction is difficult
to be realized. The SN ejecta can hide the interaction for
37.7 days at maximum in our simple calculations for the
systems with the CSM disk with θ0 = arcsin(0.1) ∼ 5.7◦,
which highly depends on the values of θ0. It is also noted that
this value can be changed if we take into account the viewing
angle effects and the geometrical effects of the CSM disk
or calculate it without using assumptions/simplifications we
used in our light curve model.
We have also examined the effects of the disk parame-
ters on their light curves, using the values of ÛMdisk = 10−4 to
10−1 M⊙ yr−1 and θ0 = 5 to 45◦. We found that the luminos-
ity in Phase 1 is sensitive to the opening angle of the CSM
disk for a certain total mass of the CSM, while the luminos-
ity in Phase 2 is roughly determined by the total mass of the
CSM rather than the opening angle. Thus, the luminosity
ratio between in the Phase 1 and in Phase 2 has informa-
tion on the opening angle of the CSM disk. From this result,
we have proposed the importance of early phase observa-
tions of interacting SNe with photometry and spectroscopy
for investigating their CSM geometries. Here, we have just
demonstrated the importance of early phase observations of
the interacting SNe for investigating their CSM geometries
with qualitative discussions using simplified models.
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APPENDIX A: RADIATION FROM A
EXPANDING GAS SHELL
We consider radiation from a fully ionized gas shell that is
expanding with a constant velocity, vshell, while whose inter-
r
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Figure A1. Schematic picture of the expanding shell of fully
ionized gas
nal energy leaking out through radiative diffusion processes
(Fig. A1). The initial energy, temperature and radius of the
shell are denoted as E0, T0 and r0, respectively. The width
of the shell (w) is assumed to be proportional to the radius
of the shell as w = α · r. The radius of the shell at time t can
be expresses as follows:
r = r0 + vshellt = r0
(
1 +
vshell
r0
t
)
= r0
(
1 +
t
tdyn(0)
)
. (A1)
Here, we define the dynamical time (tdyn) and the diffusion
time (tdiff) of the shell as follows:
tdyn(t) =
r
vshell
, (A2)
tdiff(t) =
τw
c
=
κes · MV · w · w
c
=
κesαM
4πcr0
1(
1 + t
tdyn(0)
)
= tdiff(0)
1(
1 + t
tdyn(0)
) , (A3)
where τ, M and V = 4πr2w = 4παr3 are the optical depth,
mass and volume of the shell. Here, we consider the situa-
tion that the energy and pressure of radiation are dominant
compared with those of ions and electrons. Thus, the energy
(E) and pressure (P) are expressed as follows:
E = aT4V = 4παaT4r3, (A4)
P =
1
3
aT4, (A5)
where a is the radiation constant as a = 4σSB/c, and σSB is
the Stefan-Boltzmann constant.
From the first law of thermodynamics with an assump-
tion that the thermal energy of the shell is leaking through
radiative diffusion processes as E/tdiff (t), we get the temper-
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ature evolution as follows:
dE
dt
+ P
dV
dt
= − E
tdiff(t)
, (A6)
∴
1
T
dT
dt
+
1
r
dr
dt
= − 1
4tdiff(t)
, (A7)
∴
d
dt
(ln (Tr)) = − 1
4tdiff(0)
(
1 +
t
tdyn(0)
)
, (A8)
∴ T =
T0r0
r
exp
[
− t
4tdiff(0)
(
1 +
t
2tdyn(0)
)]
. (A9)
Therefore, we derive the luminosity of the shell as ra-
diative diffusion loss:
L =
E
tdiff (t)
=
aT4V
tdiff(t)
=
16π2ac
κesM
T4r4, (A10)
=
16π2acT4
0
r4
0
κesM
exp
[
− t
tdiff(0)
(
1 +
t
2tdyn(0)
)]
,(A11)
=
E0
tdiff (0)
exp
[
− t
tdiff(0)
(
1 +
t
2tdyn(0)
)]
. (A12)
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